equivalent: (a) $T=A^{H}$ for some subgroup $H$ of G. (b) The mapping $x\otimes y\rightarrow xy$ from $T\otimes_{B}A$ to $A$ splits as a T-T-homomorphism (Th. 2 
.6). (c)
$A/T$ is a projective Frobenius extension (in the sence of Kasch) , and $T_{T}$ is a direct summand of $A_{T}$ (Th. 3.2). In case $BBB$ is a direct summand of $BAB$ ' the next is also equivalent to (a) The auther wishes to express his best thanks to Dr. H. Tominaga for helpful suggestions.
\S 1. Galois extension and normal basis.
Throughout the present paper, all rings have identities, modules are unitary. A subring of a ring will mean one containing the same identity. By a ring homomorphism, we mean always a ring homomorphism such that the image of 1 is 1. Let $A$ be a ring, $C$ the center of $A,$ $G$ a finite group of automorphisms of $A$ which acts on the left side, and $B=A^{G}=\{x\in A;a(x)=x$ for all Proof. Let $e$ be a central idempotent of $A^{\prime\prime}$ such that $f(x)e=q(x)e$ for all $x$ in $T$ . Since $\sum_{i}t_{i}a_{i}=1$ , we have $\sum_{i}g(t_{i})g(a_{i})=1$ , and therefore $e=e1=$ $\sum_{i}e\cdot g(t_{i})g(a_{\ell})=\sum_{i}ef(t_{i})g(a_{i})=0$ . Thus, $f$ and $g|T$ are strongly distinct. . Then there hold the following: Proof. Proof. The first assertion is evident. We shall prove the second one. (i) $T=A^{H}$ .
(ii) There are elements $t_{1},$ $\cdots,$ $t_{n}\in T$ and $a_{1}^{*},$ $\cdots,a_{n}^{*}\in A$ such that $\sum_{i}t_{i}\cdot a(a_{i}^{*})$
Proof. 
(ii) $A$ is $(B, T)$-projective and $G|T$ is strongly distinct. Lemma 2.7. Let
and $T$ be subnngs of a ring $R$ such that Proof. Since $BBB$ is a direct summand of $BAB$ ' there is an element $c$ of 
for $y$ in $B$ . Therefore, by assumption, each $c_{\sigma}$ is an element of $C$ . Since $AtA=\Delta_{0}$ , there are elements $c_{i}' s,$ $d_{i}' s$ in $A$ such that $\sum_{i}c_{i}td_{i}=u_{1}$ . From this fact, $c_{1}$ is an inversible element of $C$ . Now, the mapping $\alpha:\delta\rightarrow\delta c_{1}^{-1}$ is a $\Delta_{0^{-}}A$ -homomorphism from $\Delta_{0}$ to $\Delta$ , and the mapping $\beta$ : $\sum_{\sigma}x_{\sigma}u_{\sigma}\rightarrow\sum_{\sigma}x_{a}c_{\sigma}u_{\sigma}$ is evidently an A-A-endomorphism of $\Delta$ . For any $y$ in $A$ and $z$ in $T$ , we have $\Sigma_{\sigma}x_{\sigma}c_{\sigma}u_{\sigma}(yz)=\sum_{\sigma}x_{\sigma}c_{\sigma}\cdot a(y)a(z)=\Sigma_{\sigma}x_{\sigma}\cdot\sigma(y)c_{\sigma}\cdot a(z)=\sum_{\sigma}x_{\sigma}\cdot a(y)zc_{\sigma}=\sum_{\sigma}x_{\sigma}c_{\sigma}$ .
$a(y)z=(\sum_{\sigma}x_{\sigma}c_{\sigma}u_{\sigma}(y))z$ , which means $\beta(\Delta)\subseteq\Delta_{0}$ . If $x\otimes y$ is in $A\otimes_{B}A$ , then $\beta h(x\otimes y)=\beta(x(\Sigma_{\sigma}u_{\sigma})y)=\beta(\Sigma_{\sigma}x\cdot\sigma(y)u_{\sigma})=\Sigma_{\sigma}x\cdot a(y)c_{\sigma}u_{\sigma}=x\sum {}_{\sigma}C_{\sigma}u_{a}y=xty$ . For any $\delta_{0}$ in $\Delta_{0}$ and any $z$ in $A$ , we have $\delta_{0}xty(z)=\delta_{0}(xt(yz))=\delta_{0}(x)\cdot t(yz)=$ $\delta_{0}(x)ty(z)$ . Thus, $\beta h$ is a $\Delta_{0^{-}}A$ -homomorphism from $A\otimes_{B}A$ to $\Delta_{0}$ , and so $\beta$ is a $\Delta_{0^{-}}A$ -homomorphism from $\Delta$ to $\Delta_{0}$ . Since $\beta\alpha(u_{1})=\beta(u{}_{1}C_{1}^{-1})=u_{1},$ $\beta\alpha=1_{A_{0}}$ . 
. Evidently, the mapping $z\rightarrow\sum_{k}ga_{k}(z)e_{\sigma_{k}}$ is a B-ring homomorphism from $A$ to $A^{\prime}$ , and an extension of $f$ Now, the following theorem will follow at once from Th. 4. by (1) , and then our assertion is an easy consequence of (2) .
Corollary. Let $A/B$ be G-Galois, and $B^{\prime}=V_{B}(B)$ . Assume that there are elements $a_{i},$ $a_{t}^{*}(i=1, \cdots, n)$ in $V_{A}(B)$ such that $\sum_{t}a_{i}\cdot a(a_{l}^{*})=\delta_{1,\sigma}$ . Proof. If remains to prove (3 (1) $A=A^{K}\otimes_{B}A^{H}=A^{H}\otimes_{B}A^{K}$ .
(2) $A^{K}/B$ is an H-Galois extension. Proof. Let $\{(a_{i}, a_{l}^{*});i=, \cdots, n\}$ be a G-Galois coordinate system for $A/B$. Proof. (1) will be rather familiar. We shall prove here (2) . To our end, it suffices to prove that if $M=M_{1}\oplus M_{2}$ and $X=(X\cap M_{1})+(X\cap M_{2})$ for every submodule $X$ of $RM$ then $M_{1}$ and $M_{2}$ are unrelated. Let $M_{1}^{\prime}/N_{1}$ and $M_{2}^{\prime}/N_{2}$ be non-zero subquotients of $M_{1}$ and $M_{2}$ , respectively. If there exists an R-isomorphism $\alpha;M_{1}^{\prime}/N_{1}\cong M_{2}^{\prime}/N_{2}$ , we can define an R-homomorphism $\varphi$ ; $M_{1}^{\prime}\oplus M_{2}^{\prime}\rightarrow M_{2}^{\prime}/N_{2}$ by the following rule: $(m_{1}^{\prime}+m_{2}^{\prime})\varphi=(m_{1}^{\prime}+N_{1})\alpha+(m_{2}^{\prime}+N_{2})$ . Then, our assumption yields Ker $\varphi=(M_{1}^{\prime}\cap Ker\varphi)+$ ( $ M_{2}^{\prime}\cap$ Ker $\varphi$ ), and so $(M_{1}^{\prime}+$ $M_{2}^{\prime})\varphi=M_{1}^{\prime}\varphi\oplus M_{2}\varphi=M_{2}^{\prime}/N_{2}\oplus M_{2}^{\prime}/N_{2}$ , which is a contradiction. The following proposition will play a fundamental role in our study. 
Proof. Let $X$ be any A-A-submodule of and End $(R)$ act on the left side. Proof. As is well known, there are elements $a_{i}\in R,$ $f_{i}\in Hom(R_{S}, S_{S})$ satisfies the minimal condition (resp. the maximal condition) for left ideals then $sR$ satisfies the minimal condition (resp. the maximal condition) for S-left submodules, so that $R$ satisfies the minimal condition (resp. the maximal condition) for left ideals.
A ring $R$ is called a semi-primary ring if $R/\Re(R)$ satisfies the minimal condition for left ideals, where $\Re(R)$ means the Jacobson radical of $R$ . If $R$ is semi-primary, then $(R)_{n}$ and eRe are semi-primary rings, where $n$ is a natural number and $e$ is a non-zero idempotent in $R$ (cf. [7] ). Therefore, in case $R$ is semi-primary, if an R-right module $M$ is finitely generated and projective then End $(M_{R})$ is semi-primary. As to notations and terminologies used in below, we follows [11] . Proposition 7. Proof. (1) and the if part of (2) are given in [10] . Assume that $R_{R}$ is injective. By (1) , then $\mathfrak{P}2\bigcap_{\sigma}a(\mathfrak{P}_{2})$ , and so $\mathfrak{P}+\bigcap_{\sigma}a(\mathfrak{P}_{2})=A$ , whence it follows a contradiction $\bigcap_{\sigma}\sigma(\mathfrak{P})+\bigcap_{\sigma}a(\mathfrak{P}_{2})=A$ . 
